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Abstract. We analyse the baryon mass spectrum in a framework which combines the 1/N. expansion
with chiral perturbation theory. Meson loop contributions involving the full SU(3) octet of pseudoscalar
Goldstone bosons are evaluated, and the influence of explicit chiral and flavor symmetry breaking by
non-zero and unequal quark masses is investigated. We also discuss sigma terms and the strangeness

contribution to the nucleon mass.

PACS. 14.20.-c Baryons (including antiparticles) — 11.15.Pg Expansions for large numbers of components
(e.q., 1/N. expansions) — 12.39.Fe Chiral Lagrangians

1 Introduction

The large N, limit, where N, is the number of colors, is
a useful device to understand many systematic features
of baryon properties [1,2], such as the 1/N, scaling of
various physical quantities. In a series of papers, Dashen
and Manohar [3,4], and Jenkins [5] have discussed the
1/N. structure of baryon properties, and the framework
for combining chiral symmetry with the large N, aspects
of QCD has been developed by many authors [6-12]. In
[7,10], the baryon octet and decuplet mass spectra were
discussed in this framework and the baryon mass relations
were derived. However, although those works successfully
reproduce mass relations at tree level, they do not com-
pute all possible terms allowed by the chiral and large N,
expansions.

The baryon mass spectrum was re-examined in con-
ventional baryon chiral perturbation theory by Borasoy
and Meissner [13,14]. To compute the baryon masses to
order mg, where m, is the quark mass, the decuplet de-
grees of freedom are integrated out to give counter terms,
and some low-energy constants are determined from reso-
nance saturation. However, when we work with the 1/N,
expansion, the octet and decuplet states are degenerate at
the leading order, and the decuplet fields must be treated
explicitly.

In this paper, we re-examine the baryon masses in
chiral perturbation theory taking into account the 1/N,
counting based on the techniques developed in the litera-
ture, e.g., in [9-11]. This enables us to investigate the 1/N,
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structure of the baryon properties and the meson-baryon
interactions in a systematic way. The baryon axial current
matrix elements and the strangeness contribution to the
nucleon mass are computed as well. Some of these topics
were discussed in the literature [7,10,11] focusing on the
leading order terms in 1/N. expansion (up to one loop
corrections). In this paper, we perform the calculations
to the next orders and discuss a difficulty which arises
in computing the one loop corrections in a way which is
consistent with the 1/N, expansion. This paper is orga-
nized as follows. In the next section, we briefly discuss
the formalism of this approach. In Section 3, we compute
the baryon axial current up to one-loop corrections. The
baryon mass formulas are given in Section 4. The one-
loop corrections to the baryon masses are calculated in
Section 5. We discuss the strangeness contribution to the
nucleon mass and the sigma term in Section 6 and then fin-
ish with a summary and conclusion in Section 7. Explicit
expressions of baryon wave functions and some detailed
formulas are given in Appendices.

2 Formalism

We start with a brief review of the construction of baryon
states in the large N, limit, referring to [9,10,15] for fur-
ther details. The baryon states with N. quarks can be
written as follows:

— a1x1...aN. N, Al---ANC
|B) =B €

I 0),

X Q1014 ban, an, An,
c c c

(2.1)

in particle number space, where a; are the flavor indices,
«; the spin indices and A; the color indices. The quark
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creation and annihilation operators ¢' and ¢ satisfy the
usual anti-commutator relations for fermions. The sym-
metric tensor B is characteristic of each given baryon wave
function. Since the baryons are in color-singlet states, how-
ever, it is more convenient to work with

‘B) = Balal“'G‘NcaNcallal t alNCOLNC |0)7

(2.2)

by dropping the explicit color indices, where the operators
al and « are bosonic operators satisfying the usual com-
mutator relations. For short-hand notation, we label the
quark operators as

alzauT, Qo = Oy |, OngdeT,

oy = gy, a5 = a1, (2.3)

so that a{ creates u-quark with spin-up, and so forth.

There is an ambiguity when we extrapolate the physi-
cal baryon states to large N.. As in the literature, we keep
the spin, isospin and strangeness of baryons as O(1) in the
large N, limit. For example, the nucleon state in large N,
limit has spin 1/2, isospin 1/2 and no strangeness. This
can be done by acting with spin-flavor singlet operators
on the physical baryon states. For example, the proton
spin-up state can be written as

Ip,+3) = Cnal(AD)")0),

where n = (N, — 1)/2 and Cy is the normalization con-
stant. The spin-isospin singlet operator Al is defined as

(2.5)

One can easily verify that this state reduces to the usual
quark model state in the real world with N. = 3. The
complete list of the baryon octet and decuplet states can
be found in Appendix A.

Next we define a one-body operator { X} in spin-flavor
space as

g = o,

(2.4)

Al = aJ{a:rl - Oz;a;g.

(X} = al X v, (2.6)
so that its expectation value on baryon states is at most of
O(N,). In a similar way, one can define 2-body operators
{XHY} and 3-body operators {X}{Y}{Z}, and so on.
Then, it is found that the coefficient of an r-body operator
is at most O(1/N7~*~1), where ¢ is the number of inner
quark loops [9,16]. This enables us to treat the coupling
constants as O(1) quantities in the large N, expansion by
writing the N.-dependence of the operators explicitly.

By direct evaluation, one can see the well-known com-
mutator relation,

{XEAYH =A{[X, Y]} (2.7)

Note that the left-hand side is naively a two body operator
whose expectation values can be of O(N?2), whereas the
right-hand side is a one-body operator whose expectation
values are of O(N.) at most. This means that the order
of an operator in 1/N, counting reduces when we have a
commutator structure as in (2.7). This plays an important
role in the large N, analyses of the baryon properties.

We will discuss the explicit forms of some operators
which appear in the calculation of baryon axial currents
and masses in the next Sections.
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3 Baryon axial currents
3.1 Tree level

Our starting point is the chiral meson-baryon effective La-
grangian. Baryon matrix elements of this Lagrangian in-
volve the meson-baryon interaction in the following form:

(Leit) = g (B[{A"0,,}[B)

h

+E(B|{AM}{U”}|B)+”" (3.1)

where o is the baryon spin matrix,! and the dots denote
higher order terms. The axial field A, is defined as

1
Au = 5(€0,6" = £10,), (32)
where & = exp(¢II/f) with the meson decay constant f.
The SU(3) matrix field IT represents the octet of pseu-
doscalar Goldstone bosons. It is defined as
1
n= 5)\a7ra, (3.3)
with the usual Gell-Mann matrices A, (¢ = 1,...,8). In
(3.1), the N, factors of operators are given explicitly, and
the coupling constants g and h are of O(1) in the 1/N,
counting.
Then the baryon axial current Jg , reads

=400+ g () (4)
from the Lagrangian (3.1) with
T = L(exel + €1 (35)
This gives its matrix elements as
(B'|J5,|B) = ap pli (04)up. (3.6)

where up is the Dirac spinor of the baryon and

h

0t = 9(BH{AN O HB) +
c

(B'{3A"Ho}B), (3.7)
at the tree level.

By using the wave functions given in Appendix A, we
can compute the baryon axial current straightforwardly.
A naive investigation of each term gives that, despite the
1/N, factor, the h term contribution is expected to be
of the same order as that coming from the ¢ term. This
is because the h term contains a 2-body operator whose
expectation value can be O(N2), thus the leading order
of the h term contribution can be of N.. However, close
inspection shows that the g term contribution dominates,
because the h term contains the operator {o,} and our
baryon wave functions satisfy {o,} ~ O(1).

! In the baryon rest frame, o = (0, o) with the usual Pauli
matrices o”.
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The explicit forms of the relevant operators are
{INF20%) = odas — aloy,
{IXTPo%) = odas — alag,

{3AF2Ho%) = alas + afay,

(NP3 = alas + abas, (3.8)
so that we obtain
4i2 _ 9N 49 ﬂ
ot = S (Ne+2) + 5
1442 1442 g
o, =« = ——+/(N.—1)(N.+3),
AX >+A 3\/5\/( )( )
. N.g h
1412 _ cg "
CV:'OE'— 9 C»
1442 1442 g V2h
aghe = gt = 5 Net D+ Fm (39)
and
4415 __ _g _ h
“pa gVNe 3= o VANe F3,
, VN, 3h
ahtis = Y2ed +3 V3 N VN1
= 2\/—
4415 4415 / /
pJZr’O - \/5 n;‘*
. 1 )
Ayt = %a‘;@o
_ 2 N F 34— UN.T3 (3.10)
6v3 " ° 2v3N, T '

These results show that the h term contributions are sup-
pressed as compared to those of the g terms as we dis-
cussed above. We can also find that the leading order of
04}19%’,2 is O(N,), whereas « B‘E, , which changes the baryon
strangeness, is O(y/N,). This shows that the strangeness-
changing (i.e., AS # 0) baryon axial currents are sup-
pressed as compared to the strangeness-conserving (i.e.,
AS = 0) baryon axial currents by O(v/N.). This can be
understood from (3.8) by noting that the number of u,d
quarks in the baryon wave functions is O(N,) whereas that
of s quark, i.e., strangeness, is O(N?). For example, in the
case of a},f2, acting with a3 (or ay4) on the baryon state
gives the factor N, and the inner product of initial and fi-
nal baryon wave functions with the proper normalization
constants gives O(1), so that a}f*® is O(N,). However,
for aﬁj{ﬁ’, the action with as (or ag) gives O(N?) be-
cause our baryon wave functions have the strangeness of
O(N?). Since the normalization constants of nucleon and
A are O(1/N,) and O(1/y/N,), respectively, we have an

additional factor /N, in the calculation of a4+“, which
implies that the order of aﬁﬁ“ is O(v/N.).

Since the contributions of the h term are suppressed
as compared to those of the g term by O(1/N?2) for the
AS = 0 axial currents and by O(1/N,) for the AS =1
axial currents, we can neglect the h term up to next to
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leading order. At this order, when we fix N, = 3, we can
recover the quark model relation [10],

D =g, F=_g,

; (3.11)

by comparing with the results of the baryon chiral per-
turbation theory [17,18] in addition to the quark model
predictions

C =—2g, H = —3g, (3.12)

for the octet-decuplet-meson and decuplet-decuplet-
meson coupling constants, C and H, defined as in [19].
When we go further in the 1/N, expansion, we must in-
clude the h term, and we get the modified relations,

29+ h
3 )

D=g, F= (3.13)

as found in [10].
We also compute o, 5 by using

_ quvl

f

{3A%0°} — Ny + N3 — Ny — 2N5 + 2Ng),

{32%Ho?%} = (N1 + N2 + N3
+ Ny — 2N5 — 2Ng), (3.14)

where we have introduced N; = a;-rai. This leads to

o8, =L
pp 2\/_ 2\/_
3
8 :__ 11— —
T 2f( Nc>’

bo= Gt o (1o w)
5:_% 2\?(1_&)'

From these results we find that the leading order of o, 5 is
O(N?) and that the h term provides a leading contribution
together with the g term. This is because the expectatlon
values of {$A%}{c3} are O(N.) whereas those of {3\%¢ 3}
are O(1). So we conclude that in order to get a consis-
tent result on o, 5, one should consider n-body (n > 3)
operators in general unless their coupling constants are
suppressed. From the fitted values of D and F', one can
estimate g = 0.61 ~ 0.8 together with h = —0.02 ~ —0.1,
which shows that A is indeed small, less than 15% of g,
but with opposite sign [10]. Therefore, one should keep in
mind the contributions from n-body (n > 3) operators in
the calculation of o, 5. We have a similar situation when
we compute the n-meson loop corrections to the baryon
masses in Section 5.

5

o

a (3.15)

3.2 One-Loop Corrections

The one-loop corrections to the baryon axial current in
large N, chiral perturbation theory as shown in Fig. 1 have
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Fig. 2. Wave function renormalization of one-loop

been discussed in [3,4,6]. Naively, these loop corrections
as they stand are not consistent with the 1/N, expansion.
From the meson—baryon interactions (3.1), each vertex is
related to an operator X% defined as

ia a __1t h a 7
X" = g{ixo'} + F{%A Ho'}, (3.16)

with spin index ¢ and flavor index a. This shows that the
meson-baryon coupling is of order N.. Because of the pres-
ence of 1/ f which scales as 1/v/N,, each vertex has a factor
V/N.. Then from Fig. 1(a), it is evident that the one-loop
correction is O(N2) when ap:p is of order N.. Thus the
loop correction dominates the tree level. However, we have
to consider the wave function renormalization terms (Fig.
2) in the loop calculation. When combined with Fig. 1, this
gives the commutator structure to the baryon axial cur-
rent operators, which implies that the actual order of the
one-loop correction is O(N?) when ap g is O(N.). This
suppression was proved up to 2-loop order in [20] which
concludes that the 2-loop corrections are suppressed by
1/N? as compared to the tree level values.
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Explicitly, the one-loop correction to the baryon axial
current from Fig. 1(a) is given by the following expression:

—i / Ak 1k
2] @)t (k)2 mi, — k2
x (B X" X" X" |B),

VB’B

(3.17)

where mpy (= mx, mx, my) is the meson mass in the loop.
When combined with the wave function renormalization
factor Zp from Fig. 2

—1+i/ k1 Kk,
N 2] @m*(k-v)2mg, —k?
x (B| X" X" |B),

Zp

(3.18)

this gives the renormalized baryon axial current operator
in the form of

X'+ 5 7 Iff; (Xt X, X)), (3.19)
where
dk 1 k,k
I = —i T 2
Bt e O

Finally, we get the one-loop correction to the baryon
axial current operator as

. m? m? 2 . ; 7
§Xia — bb’ 1 bb’ “ ng Xta ij
2
My mbb’ i, bb’
ov 3.21
e TR (3.21a)

by evaluating the loop integral using dimensional regu-

larization with the regularization scale A (see, e.g., [21].),
where
O = g{[ZAN" [3A", 320}
h , .
+ (BN SN Houd, (3.212)

which comes from Fig. 1(b). So the one-loop correction to
the baryon axial current matrix elements are obtained as
2

Hmn

o m?2
dapp = ﬁB/B 1672 f2 In B i

ey (3.22)

+5B

where IT stands for 7, K and 7 mesons.

The explicit results of 6%’,1]73 and Bg’% with g terms
are given in Appendix B. From these results, we can see
that the one-loop corrections are O(1/N.) at most since
f? scales like N.. Furthermore, the corrections from Fig.
1(b) are of the same order as those of Fig. 1(a).

4 Baryon masses at tree level

In this Section we investigate the baryon masses at tree
level. To estimate the baryon masses simultaneously in the
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1/N. expansion and the chiral expansion, we must spec-
ify the relation between 1/N, and the pseudo-Goldstone
boson mass my;. In this paper, we use myoM ~ O(1)
where § M is the octet-decuplet mass difference. This gives
my ~ O(e) and 1/N, ~ O(g), where ¢ stands for a small
expansion parameter.2 A priori, there is no constraint on
the relationship between mpy and N.. In fact, the au-
thors of [11] used m% M ~ O(1). However as we shall
see below, the leading order correction to the degener-
ate baryon mass in the large N, limit is proportional to
m% N, and we count it as O(e). This is consistent, given
that m ~ O(&?) in accordance with the chiral expansion,
and N, ~ O(e~1). We will compare our results with those
of [11] before calculating the one-loop corrections.

The matrix elements of the effective Lagrangian which
contribute to the baryon mass can be written as

(Ls) = (BIL{|B),

%

(4.1)

where fég represents that part of the Lagrangian which
can give a contribution of O(¢?). Explicitly, these terms
are

L") = —aof1}, (4.2a)
£ = —ﬂ{af}{aj} — by {m}, (4.2D)
L =~ trm{1, (4.20)
L3 = {moﬂ}{aﬂ} - cl{mz} ~ v (mHm}, (420)
L = f@ tr(m){o Ho} = T (m?) {1}, (4:20)
LH =5 mo'Ho') - —{maﬂ}{maﬂ}

— 4 (mHmoT} o7} — difm?} - E{mZ}{m}
- S mHm}m), (12

up to O(g%), where
m = Bo(§Tmgt + Emyé). (4.3)

We make use of the standard relations between By and
squared pion and kaon masses, mZ = 2By and m?% =
Bo(m + my), where m is the average mass of u and d
quarks and mg the s-quark mass. The quark mass matrix
mq is given by

mg = mU +m S, (4.4)

where
U = diag(1,1,0),

S = diag(0,0,1). (4.5)

Throughout this work, we assume SU(2) isospin symme-
try with m, = mg. Then, up to O(g®), there are 15 low

2 This is consistent with the expansion of [23], where the A-
nucleon mass difference is treated as small parameter with the
pion mass.
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energy constants that should be determined from experi-
ments. However, one can find that 6 terms give identical
contributions to all baryon masses so that 9 parameters
remain which determine all baryon mass differences. In
the following, we discuss the baryon masses at each order
of €.

From the Lagrangian (4.2a), all octet and decuplet
baryon masses are degenerate at leading order, which gives
the baryon mass operator,

MY = agN,, (4.6)
where the parameter ag sets the scale as a “mass per color
degree of freedom”.

To the next order, the correction to the mass formula
reads

oMY = W07} (o7} + 2BymNb. (47)

The ay term gives the splitting between octet and decu-
plet while all states within the octet and decuplet are still
degenerate. Although the original form of (4.2b) includes
the operator {S}, the resulting baryon masses do not de-

pend on strangeness since the expectation values of {S}
for our baryon states are of O(1) so that its contribution

appears at the next higher order. Thus, at O(e!), we get
m_ 3 ;
5M8 = Fal + 2BomNcb1,
@ 15 R
5M10 = —a1 + QBomNcbl, (48)

Ne

where Mg and M7 denote the baryon octet and decuplet
masses, respectively.

At O(€?) there are two contributions. One is from L2
of (4.2¢) and the other is from the remaining part of the
by term of Ll

SM) = 2By(my — m)b1{S} + 2Bo(ms + 2m)a;. (4.9)

It is clear that the a; term gives the same mass shift to
all baryons. The dependence of the by term on strangeness
results from the SU(3) flavor symmetry breaking and van-
ishes in the flavor SU(3) limit. Therefore, up to this order,
the baryon mass depends on total spin and strangeness,
but the A and the X' are still degenerate.

The mass corrections at O(g%) can be obtained as

2, — in)ba{So?} o)
+ NC(2B()’I7’L) (Cl + CQ).

sMY) =
(4.10)

The by term involves two operators. One of them depends
on the total baryon spin and the other depends on the
spin of the strange quark(s). As a result, the X decouples
from the A at this order. Up to this order, we have 4 oper-
ators in the baryon mass formula, namely, {1}, {07 }{07},
{8} and {So7}{07}. The ¢; and ¢y terms give the same
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Table 1. Matrix elements of various operators for baryon states

Uy {ojHo;} {8} {SHS} {So;}o;} {Uo;}{So;}

N 2n+1 3 0 0 0 0
A n 3 1 1 3 0
X on 3 1 1 -1 —4
E 2n-1 3 2 4 4 —4
A 2n+1 15 0 0 0 0
x* on 15 1 1 5 2
= 2m—1 15 2 4 10 2
2 2n—-2 15 3 9 15 0
E o2n-1 3 2 4 -2 —10
2 2n-2 3 3 9 5 —10
o on 15 1 1 -3 -6
EF 2m—1 15 2 4 4 —4
2F 2n—2 15 3 9 11 —4
S* 2n-3 15 4 16 18 —6
A oap+1 35 0 0 0 0
o 2n 35 1 1 7 4
E op—1 35 2 4 14 6
27 2n—2 35 3 9 21 6
S 2n—3 35 4 16 28 4

contributions to all baryons. The matrix elements of the
operators can be evaluated using

{S} = (N5 + Ne),
{SH{S} = (N5 + Ng)?,

{So;Hoj} =2(Ns + Ne) + (N5 — Ng)
X [(N1 — N2) + (N3 — Ny) + (N5 — Ng)]
+ 4N5Ng + 2(04104304;,%3 + 0511'0[20[50433
+ asalotag + adasasad),
{ojHos} = 2[(N1 + N2) + (N3 + Na) + (N5 + Ne)|

+4(N1Na + N3Ny + N5Ng)
+ [(N1 — N2) + (N3 — Ny) + (N5 — Ne)]?
+ 4(@1042043041 + a}agag,ozg + oqoz;ozgoq

+ alaza;ag + agalagaﬁ + agala;af;),

{So;H{uo;} = [(N1 = Na) + (N3 — Na)|(Ns5 — Ng)
+ 2(d aasal + aralalag + alagasal
+ asalatag). (4.11)

All the matrix elements needed to calculate the baryon
masses are given in Table 1.

The explicit expression of mass corrections at O(g?)
reads

SMY) = (2By)?[(m? — m?)er + 2m(my — m)ea){S}
+ N_EQBO(Qm + ms){O'j}{O'j}
+ B1(2Bo)? (21?2 + m?). (4.12)

The combination of ¢; and ¢y terms depends on the
strangeness, and the as term gives the next order con-
tribution to the decuplet—octet splitting. Therefore, all of

the above terms can be absorbed into the formulas valid
up to O(e?).
Then, up to this order, we have three mass relations,

3
(M1) Ma—=My = Ms: = My + 5(Ms = My),
(MQ) 3Mp+ Ms, —2My — 2M= =0,
(4.13)

where (M1) is the hyperfine splitting rule, (M2) the Gell-
Mann-Okubo (GMO) relation and (M3) the decuplet
equal spacing (DES) rule.

The O(&%) correction to the baryon mass has a more
complicated form:

MY = N%@Bo)?(ms — )2 SHS)
+ o 2Bo )2 [ {0 Ho? } 4+ (m? — m*){So’}{a?}]
b = (2B0)*[m* {0’ H{o' }+(m? —m*){So' Ho'}
( m)*{Uo’ H{So7}]
+ 2B0)2[m + m(ms — m){So? o'}
+ Nc(dl + do 4 d3)(2Bymn)>. (4.14)

There are more terms including c¢5 and d; 2,3, but they
give contributions only at higher orders. The mass formula
(4.14) includes the operators {S}{S} and {Uo?}{Sc?} in
addition to the operators that appeared already at the
lower order. Because of these new operators, the mass rela-
tions (M2) and (M3) of (4.13) are modified, whereas (M1)

is still valid. Instead of (M2) and (M3), we find improved
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Fig. 3. Best fit of baryon masses (tree) up to O(g”). Thick
lines represent degenerate states

GMO and DES rules [6,10]:
(

M2) 3My+ Ms —2(My + M=)
= (Mg« — Ma) — (Mg — M=),
(M3) (Mg — M=) — (Mz- — Ms:-)

(M=« — M) — (Ms- — Ma), (4.15)
which work better than (M2) and (M3). Empirically, the
left and right hand sides of (M1) give (293 = 308), and
(M2) and (M3), respectively, lead to (27 = 0) and (139 =
149 = 152), whereas (M2') gives (27 = 11) and (M3’)
gives (—3 = —8), where the numbers are given in MeV.
Combining these relations with (M1) gives

ME* 7ME = ME* 7MZ7
(215 = 192)

(4.16)

where the numbers show again the experimental values.
Note that this is not an independent mass relation. The
modified DES rule (M3') was first derived by Okubo [22]
in the form of

Mg — M = 3(Msz- — Ms.), (4.17)

which is just a re-combination of (M1), (M2") and (M3').

Since there are 6 different types of operators up to
O(g%), we can write the mass formula in a compact form
as

Mp = a+b{o' {07} + c{S} + d{Sco7 {07} + e{S}{S}
+ flUo?{So7}, (4.18)

where the ¢ term comes in at O(¢?), the d term at O(e?),
and the e and f terms at O(g%). The best x? fits to the
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Table 2. Best fit of baryon masses (tree) in the unit of MeV
at each order of ¢ using the formula (4.18)

Particle O(g') O(?) o(e*) O(£%) Expt.
N 1142 982 939 937 939
A 1142 1141 1117 1119 1116
X 1142 1141 1183 1183 1193
= 1142 1300 1328 1327 1318
A 1456 1217 1238 1236 1232
z* 1456 1376 1383 1386 1385
=" 1456 1535 1528 1530 1530
n 1456 1694 1673 1670 1672

NS 424 79 16 15
a 1063.0 923.9 863.7 862.4
b 26.2 19.5 25.0 24.9
c — 159.0 227.8 96.5
d — — —16.6 51.8
e — — — —70.4
f — — — 678

baryon masses up to O(e”) are shown in Table 2 and Fig. 3.
The best fit up to O(e?) is the same as that of O(g3). This
is because the mass formula of O(¢*) does not introduce
any new operator. A reasonable baryon mass spectrum is
already found at O(e3). Corrections from the O(g%) oper-
ators are evidently not so important. Note also that the
coefficients of the operators involving S include a factor
(ms —m) so that the ¢, d, e and f terms of (4.18) vanish
in the limit of exact SU(3) flavor symmetry.

Before proceeding to the loop corrections, let us com-
pare our results with those of [11], which uses different
counting so that O(¢') = O(my) = O(1/N.). At the lead-
ing order, the authors of [11] obtained 5 mass relations:

(M= — Ms) — (Ms — My) + g(Mx M)

—0 (=-135),
(Mz- — Mg-) — (Mg« — Ma) =0 (= -8),
(MQ*ME*)—(ME*fME*):O (: *3),
(Ms — My) — (My—My)=0 (=77),
(Ms« — Ma) = (Ma— My) =0 (= —24), (4.19)

where the numbers in parenthesis on the right hand side
are the empirical ones in MeV. The first three relations
are re-combinations of (M1), (M2) and (M3) and they are
reasonably consistent with experiments. However, the de-
viations of the last two relations are larger compared with
the first three relations. In our scheme, this discrepancy
can be understood easily because the first three relations
hold up to O(g3) and O(e*) whereas the last two hold only
up to O(e?).

5 Loop Corrections to Baryon masses

The one-loop corrections to the baryon masses are ob-
tained from the diagrams shown in Fig. 4. First, let us
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Fig. 4. One-loop corrections to the baryon mass. The filled-
triangle denotes the mass insertion to the intermediate baryon
state and the filled-box represents the meson-meson-baryon-
baryon coupling from the chiral Lagrangian of (4.2a) and (5.21)

consider the diagram of Fig. 4(a) without mass insertions
to the intermediate baryon states, which corresponds to
Fig. 2(a). At first glance, this one-loop correction appears
to be inconsistent with the 1/N, expansion. Since each ver-
tex carries a factor /N, the one-loop correction is O(N,).
A similar feature occurs in the case of the baryon ax-
ial current, where the wave function renormalization part
must be included to give the proper commutator structure
which is essential to be consistent with the 1/N, expan-
sion. In the case of the baryon self energy, however, there
is no other term that can lead to this commutator struc-
ture. Thus the one-loop correction is not suppressed as
compared to the tree level baryon masses [9]. In fact, this
one-loop correction starts from O(N,), but we can see that
the corrections of this order are the same to all baryons
so that it can be absorbed in the ag term of the baryon
mass.
The one-loop baryon self energy is obtained as

Sp(w) = = (B|X" X" B)

2f2
d*k 7 i ,
x/(%)4 (p—k)-vk*>—m2, (=k"k), (5.1)

where w = p - v and X* is defined in (3.16). After evalu-
ating the loop integral we find:

3

m
Mp = ——2_(0"(B 2
with
2 a yia
(0"(B)) = (Bl0"|B) = g(BIZX X*[B), (5.2b)
where a = 1,2,3 for the pion loop, a = 4,...,7 for the

kaon loop, and a = 8 for the eta loop. The operator O
can be computed straightforwardly to give
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07 = [ oN. - (No+ 1) () + HsHS)

Lioition + 2(Seit g
- 3o} + 350 (o))
gh
3N

6N2 [{o'Ho'} — 2{Sa"}Ho"}
+2{S} + {SHSH{o' Ho'},

[Ne = {8} + 2] [{o"}{o?} — {So'}{o7}]

(5.3a)

OF = ¢ [No-+ (o4 § ) () - 150 o}~ 5 (S)S)
+ 2 (5} + Do}
+ (N, 2{8) + DS Ho')]
+ g [Ne+ (N = DS} + {801}
—ASHS ) (5.30)
0" = ¢ |18} + 3 (SHS (80 Ho'} 1 o7} o)
gh g g
TLIN. = 3(SH [{o"Hor'} - 3{S0 Ho)]
¥ o INe = 3{8) (07} o) (5.3¢)

There are several remarks concerning this result. As we
discussed before, the pion loop correction O™ includes the
factor N2, which gives a correction of order N, when com-
bined with the factor 1/f2. Thus it is not consistent with
the 1/N, expansion. However this term has a trivial op-
erator structure and therefore does not contribute to the
baryon mass differences. Furthermore, because of m%;, it
is of O(e?) and suppressed in comparison with the leading
order of the tree level mass. Secondly, the leading orders
of O™, OK and O" are, respectively, O(N2), O(N}) and
O(N?). The leading order in 1/N.. of each term is given in
Table 3. One would expect that the gh and h? terms are
suppressed as compared to the g2 term. This is true for
the pion and kaon loop corrections as can be seen from
Table 3. However, in the case of n-meson loop, the gh
and h? terms are as the same order as the ¢ term. This
is similar to what we have seen in the o® calculation in
Sect. 3. Thus in order to get the correct result for the
1 loop corrections, we have to consider n-body operators
in general, unless the coupling constants of such opera-
tors are numerically suppressed. In our estimate, we keep

Table 3. The leading order of operator O™ depending on the
coupling constants

operator g2 term  gh term  h? term
or NZ N N2
ox N} N N
on N? N? N?
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terms up to the 2-body operator in X%, i.e., the h term.
Finally, we note that the g2 terms involve the operators,
{8}, {S}HS}, {07}{07} and {So7}{c7}, which have al-
ready appeared in the mass formula (4.18). This means
that the g2 terms satisfy the three mass relations, (M1),
(M2'), and (M3’).? Corrections to the mass relations come
from the gh and h? terms which include {S}{c7}{07}, etc.

To estimate the loop correction from Fig. 4(a), we
include the mass insertions to the intermediate baryon
states. Let the mass difference be denoted by dMp:. Then
the baryon self energy from this diagram reads

1 a| n/ va T
Y(w) = —P(B|X“ |B")(B'|X"*|B)Z(w), (5.4)
where
~ d*k 1 k. k
7 = —3 phv
/w(w) Z/(Qﬂ')4 <k«vw+5MB/)m§ak2
(5.5)
Calculation of the loop integral gives
SMp = Jo(6Mp,mpg) Y5, (B), (5.6a)
where
II7 o ia / / ia
v8(B) =Y (BIX*|B')(B'|X"B), (5.6b)

a

with @ = 1, 2, 3 for the pion loop, a =4, ..., 7 for the kaon
loop and a = 8 for the eta loop, and

2 2
Tm ma
Jolwsma) = — 25 {2—31“(T) }
1 2 2\3/2 x
TonZf? (m% — x°)°/* arccos o

raap (5 )

2 2
for m?% > =,

2 2
xm? ma
-t fo-on ()

4872 2 { s (X }

1 2 2\3/271, L~ a? —mj
(g2 Ino— VY — A
24772f2($ ma) T 2 —m?

3

i {ion ()}

for m% < 2%

+

(5.6¢)

In the limit §Mp: = 0, we can recover the result (5.2a). In
the case of §Mp, = 0 (or constant), the loop correction can
be represented in terms of the operators given in (5.2b).
This is possible because the loop integral does not depend
on the intermediate baryon state. However, this is not the
case in (5.6a) since the loop integral depends on 0 Mp.

3 Note however that the mass relations (M2) and (M3) re-
ceive corrections from the g* term.
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We can write (5.6a) in a more convenient form as fol-
lows. With the usual definitions,

ot (6® £1i0Y), o’ =07,

eF (5.7)

we use the Wigner—Eckart theorem,
(s ' m | X (k. @)y, 3, m)

_ (_1)2k (]7 m, k? q|jl7 m/)
V25 +1

Then after some algebra, one can show that

c / a
B =5 D (L) (BXB)P,
a=1%i2,3

D

a=4:i5,647
V5 (B) = e [(B'|X®||B)]?,

(VS NXE)vd). (5.8)

v(B) =5 [(B'l1X°1B)P2,

(5.9)

where ¢cg = 1/2 for octet baryons and 1/4 for decuplet
baryons. Since

X1+1271+12 — —g\/ﬁaiazl — F\/ﬁ(a]{as -+ a;a4)
c

(5.10)

and so on, one can compute the matrix elements vZ,(B)
using the baryon wave functions given in Appendix A. The
final results for v, (B) are given in Appendix C.

By comparison with (5.2a), we therefore have the re-
lation

X (oziozg + ozj:.)oz4 + agag),

2
0"(B) = 2 3 A (B), (5.11)
B/
which can be obtained by taking éMp = 0 in (5.6a).
However, by inserting vZ,(B) given in Appendix C, one
can find that the above closure relation does not hold with
B’ € {8} and {10} only. This is because we have

IETY

B’'={8},{10}

|B")(B'|, (5.12)

in the large N, limit. The equality in the closure relation
holds only for N, = 3. To form a complete set, we need
an infinite number of states for infinite N.. However, for-
tunately in our case, X% is a spin-1 operator. So what we
need in order to satisfy the relation (5.11) is to include the
intermediate baryon states up to spin 5/2. This is done in
Appendix A, where we give all the states B’ of spin 1/2,
3/2, and 5/2 to fulfill (5.11). All these additional states
are fictitious, i.e., they do not exist in the real world with
N, = 3, but they are needed to satisfy the closure relation
in the large N, limit. Note also that the baryon self-energy
of (5.6a) starts at O(g?).

The contribution to the baryon self energy from Fig.
4(b) vanishes for the meson-baryon couplings (3.1). The
contribution of such a diagram comes from the effective
Lagrangian (4.2a). Consider for example the one-loop cor-

rection from ENS_Q of (4.2b) to the baryon self energy. This

one-loop correction comes from the {m} term of Eég
which is expanded as
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1
2f2

where [A, B], = AB + BA. Then the one-loop correction
to the baryon self-energy reads

1, [ I, mgl 44 + ..., (5.13)

m=mg —

b
277

/ d*k 1
—t | =g
(2m)* m%, — k2

By evaluating the loop integral using dimensional regular-
ization, we get

E(‘“) == {[H7 [Hﬂmq]+]+}AH7 (5.14)

where

Ay = (5.15)

2 2

mn mH big
IMp = T6m 2f2 5 (BIPi"|B), (5.16)

where

(BIP{"|B) =

Z{ 22

In the same way, we can compute the baryon self energy of
Fig. 4(b) from the higher order terms of (4.2a) to obtain

mgl ]} (5.17)

2
mp

167 2f2

SMp = ln (B|7>H\B) (5.18)

where

proy [_%{[%Aa, (A%, mg) )4}

a

« a a
U (A (A gl )

- ARSTTS
= ma N D mL )

- 4—]36{mq}{w,w

A%, A, m,

7mq]+}+}7
-3 Ji1e) (o7} o)

_ %tr (mg[\%, A mg) L) |-

tr (A%, [\ m
(5.19)

Explicit calculation gives

{SH
3 . i [ i i g i
- I (2Bgm) [{0’ Ho'}—{Sc'}Ho }] ba
—3(2By)? [N.—{S}] a1
— Ni(2Bom)(2Bo) [ﬁ”LNc—F(m

,Pﬂ— :—;bl (QBOm)[NC— —3(230m)a1

—1){S} [N.—{S}] ez

— ]\1;)2 (2Bo)m{0'j}{0j}a2 —6(230m)2ﬂ1,

(&

(5.20a)
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P = by (2Bo) -+ m ) [N+ {8)] - 2(2Bo) -+ m.

(2Bo)(1-tms) [{o"Ho'}+{Se" Ho'} ba

N,
— (2Bo)(+ms)(2Bo) [Nt (2ms—i){S} c1
- Nic(230)(m+ms) [N+ (mo—1) {S}]
X [Ne+{S}H ez
~ 32 B m ) (o Ho Yoo
—2(2Bg)*(ms+1)? 51,
(5.20b)
PY = b1 (2Bo) N, + (4, i) ()]
— é(?Bo)(m+2mg)O¢1
- 6]1%(230) [fo o' }+ (4m, —i) {So" o'} bs
— é(QBO)Q [ Ne+ (4m? —m*){S}] 1
- g (2Bo)? N+ (m. i) ()
X [mNe+ (dms—m){S} 2
_ 3—]1\/_62(230)(2ms+m){0j}{0j}a2
- §(230)2(2m§+m2)ﬁ1.
(5.20¢)

Thus the leading order of this loop correction is O(g?).

However, there can be other one-loop corrections at
O(g*) from higher order terms in the chiral Lagrangian,
which can be written as

A
0Ler = A1{AFA,} + ﬁz{Au}{A“}. (5.21)
c

Generally, terms which involve {(v-A)?} and {v-A}{v-A}
are also possible. However, these terms can be absorbed
into (5.21) because of the following identity in dimensional
regularization [14]:

/ dk (v k)2 _1/ dk k2
medm2—k2  dJ) 2r)im2—k?
The Lagrangian (5.21) gives the one-loop correction of the
type of Fig. 4(b) as

(5.22)

m‘}j 7
dMp = — o 2f2 (B|Q |B), (5.23)
where
_ Al a\a A2 a a
Q" = Z{I DX+ G DTHN . (629)

a

The leading order of this term is O(g*) since
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0" = BV~ (8)) + L [(o' o'} — 28 Ho')
S+ SHSY (5.250)
Aq Ay

QF = ZL(N.+ {81 + 4 [N+ (N~ {8}
+{So'}{o"} — 2{5}{3}], (5.25b)

Q" = A1 Ty (Ne +3{S}) + 12N [N. —3{S}?*.  (5.25¢)

From the expressions for the operators P and QY
of (5.20a) and (5.25a), we can see that these are linear
combinations of the operators that appeared already in
(4.18). This means that the loop corrections of Fig. 4(b)
satisfy the mass relations, (M1), (M2’) and (M3").

In addition to the one-loop corrections of the previous
calculation, we have to consider one more contribution,
i.e., the 1/Mp corrections. They have been calculated in
[13,14] within the framework of baryon chiral perturba-
tion theory. To estimate the 1/Mp corrections, one can use
the relativistic form of the effective Lagrangian and then
expand it to obtain the 1/Mp terms. Or one may write
down all possible next order terms in 1/Mp [26] and then
fix the coefficients by using the so-called “velocity repa-
rameterization invariance” [24]. The two methods should
give the same result. In this paper, therefore, we use the
results of [25] as discussed in [27] for a simple estimate on
the 1/Mp corrections.* If we consider the one-loop self en-
ergy of Fig. 4(a) with the intermediate state baryon mass
Mp in a fully relativistic theory according to [25], then
we have

B d*k k(P + K+ Mp)ysk
212 ) (2n)* (kQ—m%)(2P~k+k2)’

where [ stands for an SU(3) Clebsch-Gordan coefficient.
By expanding the loop integral, one would have

oMp =

(5.26)

M}, (1
OMp = b {B<——7E+ln(4w)+1—lnM§>
€

167 f2

2
MB/mH

1
+ <E’YE+1H(47T)+2

—In M2,
- v
mi

—m (1—7TMB/ AiﬂjL)] (5.27)

where ¢ = d — 4 in dimensional regularization. The first
two terms proportional to M3, and Mp/m?, are the trou-
blesome terms as noted by [25]. The m?; term is what we
obtained previously, and the m% /Mp: term is the 1/Mp
correction we want. Here we note that the 1/Mpg correc-
tion terms carry the same Clebsch-Gordan coefficient as
the m3, term. This was verified by explicit computation
n [14]. We use this result for our estimate of the 1/Mp
corrections,

{1—&-111

4 2
SMp = —— i1 {1+ L m”}(B|(9”|B), (5.28)

1672 f2 M, z2

4 See also [26] for a critical review.
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with O defined in (5.2b). We can use M% = aoN. and
note that the order of this §Mp is O(g%).

Finally, we get the full one-loop correction to the
baryon mass as

SMp =y Jo(6Mp,mu)(BlvE | B)
B/

_omp
1672 f2 MY

2
_mg

167 2f2
miy

167 2f2

1 2
{1 + —ln%} (B|o"|B)
(BIPHIB)

(B|Q”|B) (5.29)

where the operators, O, PH and Q¥ are respectively
given in (5), (5.20a) and (5.25a), and J2 is defined in
(5.6¢). Note that when we calculate the v, term, we
should include the fictitious intermediate baryon states of
spin up to 5/2. From the structure of the operators, we can
see that the loop corrections to the mass relations (M1),
(M2') and (M3’) come from the vZ, and 1/Mp terms, and
the other terms respect the three mass relations. Note also
that the leading contribution to v, is O(¢?) while those
of O, P and Q7 are O(g%).

6 Sigma term and strangeness contribution
to the nucleon mass

The pion-nucleon sigma term, defined as

orn = m{plau + dd|p), (6.1)
can be computed from the expression of the nucleon mass

using the Feynman-Hellman theorem:

. OMp

OxrN =M .
T am

(6.2)
The strange quark contribution to the nucleon mass can
be written as

OMnN
omg

(plmsss|p) (6.3)

= My
Then we can estimate the strange quark matrix element
(SME) (p|ms3s|p) from the mass formulas derived in the
previous Sections.

In this Section, we consider the SME at the tree level.

Up to O(g!), the nucleon mass is written as
3 2
MN = aoNc + Fal + Ncmﬂbl. (64)

We find that there is no strange quark contribution to the
nucleon mass at this order:

2
oxN = Nemiby,

(pImsss|p) = 0. (6.5)
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From Table 2, we observe

a=agN, + Ncmibl = 1063 MeV,
b= % — 26.2 MeV,

C

(6.6)

where a and b are defined in (4.18). So using o,y = 45
MeV [28], we can fix the three parameters as

ap = 339.3 [337.7] MeV, a; = 78.6 MeV,

by = 7.88 [8.75] x 107% MeV 1, (6.7)

where the values in square brackets correspond to o,y =
50 MeV as suggested by the lattice calculation of [29].

The non-vanishing SME comes from the O(g?) terms.
The nucleon mass up to this order reads

3
My = agN, + AR + Nom2by 4+ (2m3% +m2)ay, (6.8)

and involves four parameters. We find

OxrN = m?r(Ncbl + 2041),

(plmsslp) = (2m% —m2)au, (6.9)

which gives

1 Or
(p|ms3s|p) = 5(2m§< —m?2) ( m;V - Ncbl) . (6.10)

Note that the SME starts at O(N?) in 1/N, counting as

pointed out in [10]. From the best fit of Table 2, we get
a=aoN, + Ncmibl + (2m%( + mi)al = 923.9 MeV,
b= % — 19.54 MeV,

c

c=2(m3% —m2)b; = 159 MeV, (6.11)
which gives
ap = 190.45 [168.05] MeV,
a; = 58.62 MeV,
by =3.52x 107* MeV ™!,
ay = 6.53 [7.85] x 107* MeV ™!, (6.12)

for o,y = 45 MeV (the values in the square brackets are
for o = 50 MeV). Then we have
(p|ms3s|p) = 307.8 [369.6] MeV. (6.13)
This shows the familiar strong dependence of (p|msSs|p)
on the value of o,n. This is because the constant multi-
plying o, in (6.10) is as large as 12.4. For example, if we
use o,y = 65 MeV, we find 555 MeV for the SME.
However, we have to include at least the O(e?) terms to

get a more reliable value of SME because the fitted baryon
mass spectra is reasonably consistent with the experiment
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from this order onward. For the nucleon mass we have two
additional terms so that

3
My = agN, + AR + Nem2by + (2m3% +m2)ay

c

(6.14)

3
+ —m2by + miNa(c1 + c2).
Ne

Although there are altogether 7 parameters in the La-
grangian, we have only 6 independent parameters since c;
and ¢y enter in the form (c¢; + ¢g) for all baryon masses.
The final result is:

OxrN = mi[Ncbl + 2C¥1 + Nibz + 2Ncmi(61 + CQ)],

(plmssslp) = (2mic —m3)on, (6.15)

which implies

) 1
(plmsslp) = 5 (2mic —m3)

OnxN 3 2
X {W—Ncbl—EbQ—ZNcmﬂ.(Cl +CQ)} .

s

(6.16)

To estimate this matrix element, we must determine the
parameters. Not all of them can be fixed, however, since
there are 6 parameters while we have only 5 pieces of in-
formation: four from baryon masses and one from the 7w/
sigma term. From Table 2, we have

a=aogN, + Ncmibl + (Qm% + mi)al + Ncmfr(cl + ¢2)

= 863.7 MeV,
2
ay m
= — s = 2 . M
b N, + N, b 5.0 MeV,
c=2(m% —m2)by = 227.8 MeV,
2
d= F(m%{ —m?2)by = —16.6 MeV, (6.17)
which gives
ay = 77.03 MeV,
by =5.04 x 107* MeV ™!,
by = —1.10 x 107% MeV 1, (6.18)

Note that these best fit values of a; and b; at O(g?) are
between the values found at O(e!) and at O(g?). Since
the other parameters cannot be determined uniquely, we
rewrite the SME of (6.16) in the form:

_ 1 m2
lmesstp) = 5 (1 )

- 2
2mi,

X {Q(a—aoNC)—awN—mi <Ncb1—Nib2) } y

(6.19)

where we have expressed (¢; + ¢3) in terms of o,y and
a. Since a is fixed by the mass spectrum, therefore, the
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SME of the above form depends on the unfized parameter
ag. For a numerical estimate we can use the fitted values
of ag from the calculations at O(e!) and O(g?), i.e., ag =
190 ~ 340 MeV. This leads to (p|ms3s|p) ranging between
about 250 MeV and —190 MeV. Now the dependence on
the N sigma term is very weak, while it depends strongly
on the value of ag, leaving (p|msSs|p) almost completely
uncertain.

At O(e*) and O(g%), the situation becomes even more
subtle. There are 9 parameters with 5 pieces of information
in case of O(e*). If we take into account the corrections
from O(e®), then we have 13 effective parameters® with 7
constraints. Additional information is therefore required
such as isospin symmetry breaking effects in the baryon
spectra and/or KN sigma terms [30]. As a reference, we
give the formulas of the sigma term and the SME up to
O(g*) below:

3
OxN = mfr{Ncbl + 2a1 + Fbg + 2Ncm72T(cl + ¢2)

6
+ maz + 4m3r51}7

(p|ms3slp) = (2mic —m3)

3
X {al + 32+ 2(2m3, — mi)ﬁl}, (6.20)

c

where

a = agN, + Nom2by + (2m3% + m2)a; + Nomi(c; + o)
+ (4m3 — dm3-m?2 + 3m1)B; = 863.7 MeV,

ap  m2 1 2 2
b= i 4 FCbz + N_Cz(me + mZ)az = 25.0 MeV,
¢ = 2(mic —m2)by + 4(mi —m3)[micer +mico]
= 227.8 MeV,
2
d— F(m%( — m2)by = —16.6 MeV. (6.21)

In essence one observes that corrections beyond the stan-
dard estimate (6.10) for (p|msSs|p) are so large that they
prohibit quantitative conclusions about the strange quark
contribution to the nucleon mass.

7 Summary and Discussion

In summary, we have re-analyzed baryon masses within
baryon chiral perturbation theory in combination with the
large N, expansion. Before computing the baryon masses,
we have calculated the baryon axial current. We find that
the two diagrams of Fig. 1 give contributions of the same
order in 1/N, counting. Inclusion of the wave function
renormalization terms is crucial to get the right order
for the one-loop corrections because this gives the proper

5 There are totally 15 parameters up to O(e®) calculation.
However, the three parameters dj 2,3 appear only in the form
of (d1 + d2 4 d3) at this order. So there are effectively 13 pa-
rameters.
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commutator structure to the baryon axial current opera-
tor. However, when calculating o%, 5, two-body operators
give contributions of the same order as one-body opera-
tors. Unless the coupling constants of the general n-body
operators are suppressed numerically, their effects must
be included in order to be consistent with the 1/N. ex-
pansion.

Next, we have considered the baryon mass spectrum in
this scheme. For this aim, we have used that both m and
1/0M scale as O(e), where m and 6 M, respectively, rep-
resent the Goldstone boson mass and the octet-decuplet
mass splitting which depends on 1/N.. At the tree level,
we found that the empirical mass spectrum is well repro-
duced to O(g?) and the corrections from O(g®) are not so
crucial. But the Gell-Mann - Okubo mass relation and the
equal spacing rule in the decuplet are modified at O(e®).
At the one-loop level, there is no additional contribution
that gives the characteristic commutator structure, and
the loop corrections seem to violate the 1/N, expansion.
However, the leading terms are constant for all baryon
states and can be safely absorbed into the central baryon
mass in the chiral limit. The meson loop corrections in-
volving the operators O with the coupling constant g,
P and Q7 of (5.29) satisfy the modified mass relations
(M1), (M2") and (M3'). To get the correct result, the
intermediate baryon states must include fictitious states
of spin up to 5/2 in order to satisfy the closure relation,
> 5|B)(B| = 1, for the spin-1 operator X in the large
N, limit. As in the calculation of o, 5, the n-meson loop
corrections to the baryon self energy require general n-
body operators in order to be consistent with the 1/N,
expansion.

Finally we have estimated the strangeness contribu-
tion to the nucleon mass at the tree level. We confirmed
that this matrix element is O(N?) in the 1/N,. count-
ing. At leading order, namely O(&?), this contribution can
amount to more than 300 MeV. At the next order, we
cannot uniquely determine the mass parameters because
of lack of independent empirical information. But the up-
per bound of the strangeness contribution to the nucleon
mass is now reduced to around 250 MeV.
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A Baryon States

The octet and decuplet baryons states |B, j,) in the num-
ber space are given in this Appendix. For simplicity we
give only the s, = +1/2 states for baryon octet and
s, = +3/2 states for baryon decuplet. Other spin states
can be obtained straightforwardly. The octet states are

[p,+3) = Cw af (AD)")0),

In,+1) = Cy ol (AD)")0), (A1)
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4,43) = =Caal (41)"0), (A2)
5%, +3) = ~Csal (A) (4D)" o),
1 .
|20, +3) = 5 {of Al +af Al} (AD"0),
|27, +3) = Cxal Al (AD)"(0), (A3)
20, +3) = ~C=zal A} (AD")0),
|27, +5) = C=af Al (AD)")0), (Ad)
where Al = ozTozT - a};a5, AL = a{aé — a;a and Al =
aial — aga};, with the normalization constants
2
ION]? =
O = T DY)
1
10412 =
[n!C4] merR
, (A5)
DOy = ————
[(n = 1iC] n(n+1)(n+2)’
2
0P = ———
(=110 = s,

from the condition (B, j.|B,j.) = 1, where N, = 2n + 1.
The negative signs of some states were introduced to be
consistent with the quark model convention [31]. Explic-
itly the spin-up proton state can be written as

n!
|p7 +%) = CN Z m(fl)]ﬂ’n*k‘kl,k,k,nfk,o,o),

(A6)
by making use of
n—k nk
(A+B)" Zk'n_ A"k Bk, (AT)
The decuplet states are as follows:
|ATF, +3) = Caal 04 ol (AD)"0),
|AJr ) \/_CA Qg al a:t, (Al)n71|0)a
1A%, +3) = V3Caal af af (A1) 0),
|A7,+3) = CA%@;@;(AD"*IO), (A8)
| 2%, +3) = Cx- o of of (A])"|0),
|50, 43) = V2Cs- al af ol (AD)"0),
|77, 43) = Cx- ad ad of (A1) 0), (A9)
|20, +5) = C=- aj af of (A)")0),
5. 43) = C=-abalal (AD)"'0),  (A10)
12,43) = C;, ol ol o (A1) 10), (A11)
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where
- 4
2___ 3
[(n—1)1Cx-]" = n(n1+ D(n+2)’ (A12)
2_ -
[(n—1DIC=]" = n(n+1)’

e = -
[(n—1DICq]" = e
However, the octet and decuplet states are not suf-
ficient to satisfy the closure relation (5.11) in the large
N, limit, and we have to include higher spin states. Since
X is a spin-1 operator, it is sufficient to introduce fic-
titious states up to spin 5/2. These states are distin-
guished from the octet/decuplet by a tilde and we denote
the strangeness & = —4 states by |S). These states can
be obtained by considering 5-quark states multiplied by
(A1)"=2 whereas the conventional octet and decuplet are
formed by 3-quark states with (Af)"~1. Then the fictitious
states of spin 1/2 are

51, +1) = 0~ af Al AT (AD)"2(0),
155, +1) = % Cz {2a] AL + af Al } 4f (al)"—2),
- 1 .
S5, +4) = 55 Cz {al AL+ 20 4l } AL (D) )0)
|24, +1) = C= of Al Al (AD)"=2|0), (A13)
[21,43) = Cg al AL AT (AD)"2)0),
122, +3) = V2Cj o Af, AT, (AD)"2)0),
123,+1) = Cp al Al Al (AD)"20), (A14)
where
1
—_lc:P =
=20 = e D 2
1
[(n—2)IC)° = (A15)

4(n—1)nn+1)
For the spin 3/2 states, we have
127, +3) = Cz* of of of Af(AD)"?|0),
|23, +3) = 3 CE* {oﬂ{ ol of Al +3al ol af A;}
< (41" 2(0),
3
= y/2cs {alolal Al +of ol A1)
x (AD"20),
1
+9) = 2 Cs. {salataf 4L +afafo} 41}
< ()20
|§g: +%) = Cs. O43 043 a3 LAl (AT)n 2|0)

|5,

Py

(A16)
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43 = CH* al ol of Al (A 2)0),
éngF%) = %Oé* {O‘I Qg O‘g AL JF20‘1 0‘; 0‘; AL}
x (AD)"210),
§§,+%) = %C’é* {2a1a3 PAl +alala AT}
(A*)”*Q\O)
£1,+3) = Cz. abaf ol A (AD)"?(0), (A17)
|le 2) CQ* Qg asagAT(ADn 2|O)a
125,+8) = 5 Cg- {o] o el 4]+ af ol o] 4]}
x (AD)"210),
|25, +3) = Cp. af af af Al (AD)"20), (A18)
ST, +3) = Cs. af ol al Af(AD)"0),
S5, +3) = Cg. af af of AL(A])"2)0), (A19)
where

4

[(n—2)Cs.)” =

(n—1Dn(n+1)(n+2)(n+3)’

12
(n = 2Cs. " = 5(n— Dn(n + 1)(n +2)°
3

((n = 2!Cp. " = 5(n— Ln(n+ 1)’

[(n—2)!C5.]° = m (A20)
The possible spin 5/2 states are

‘ANT*»‘F%) C 3o aJ{ 0‘1 al al (A )"~210),

| Ay +3) = ‘/_CA** 0‘1 o a1 al (AZ)R_Q‘O%
1457,4+3) = V5C5.. ol of o of aé (AD"2|0),
|A3",+3) = V10C4.. of o] of of of (A])"2|0),
|Az*,+3) = V5 C4.. of ol od od of (A1)"2)0),
|Ag*,+3) = Cg.. adad ol aE a§ (AD"210),  (A21)
|Z7%,43) = Cs.. ol of ol of of (A1) )0,

257, 43) = 2Cs.. of of of od of (A1)"2)0),

257, 43) = V6 Cs.. of o af af of (A1) 2|0),
|Z3%,4+3) = 2C5.. of of of of of (A])"20),
|25%,+3) = Czo. adad ab ol of (AD)"72)0),  (A22)
51 45) =Cz. af ai ai aé a£< Hr=2)0),
é;*,+%) = \/§C’~** 041 al a3 a5 g (Al)” %10),

25" .4+3) = V3Cz.. ol o} a§ aé ol (A)"2|0)
E745) = Czeafal ol ol of (AD)"210),  (A23)
|127%,43) = Cg.. o] of aé aé ai (Ai)” 2|0),

IfZS* +%) = \/icm* o a3 0‘5 0‘504 (AD)"2|0)
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257, +3) = Cp.. abalalaf ol (AD)"2)0),  (A24)

Si*,+5) = Cs.. af af al ad af (A1) 20,

55", +3) = Cg.. abadafalal (AD)"72(0),  (A25)
where
((n = 2!C5..1" = (n— Dn(n+ 1)(n6+ 2)(n+3)(n+4)’
[(n = 2!Cs..]" = (n— Dn(n+ 15)(n +2)(n+3)’

2

[(n = 21Cs..)" = (n—Dn(n+1)(n+2)’
[(n—2)!Cs..)° = ey 1)1”(n+ Iy
[(n —2)1Cs..)% = m (A26)

Note that the A, ¥, =, 2 and S families have isospin
5/2, 2, 3/2, 1 and 1/2, respectively, and their normaliza-
tion constants contain the factor 1/(n — 1) so that these
states can not be defined with N, = 3. Using the results
given in Appendix C, one can find that these fictitious
states ensure the relation (5.11).

B Explicit results of (57,

In this Appendix, we give the explicit results of ﬂgg, and
Bl of (3.22) from the g term of (3.1):

2 1
ﬁl+l2ﬂ- _g(Nc+2)93_§(Nc+2)ga

1 1
/81+12 K= _E(Nc + 2)93 - E(Nc + 2)97

51+12,n _ _%(Nc +2)g° (B1)
27 = VI - D+ 9’
_ 3_\1/5\/(1\1 1)(N. + 3)g,
B2 = N D+ 9
_ 6_\1/5\/(1\/ 1)(N. + 3)g,
= VT, )
LEm =
S L T
fEfL" _ Nc &, (B3)
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1442,
52J5Z27ﬂ =

1+i2,K
Bros:

1442,
5202777 =

and
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2 1
1 1
1
__9\/§(Nc +1)g%, (B4)

5 9 3
ﬁﬁ;{i :_\/Nc+393+1_6 Nc+3ga

64+¢5,K _ 264+z5 T

pA

ﬁ4+i57n _

pA

4415,
A=~

4445, K
AE-

4+i5,m

AS-—

4+i5,

Byso "
44i5,K

st

54+i5,n _

pX0

4445,
Bross

ﬁ4+i5,K .

XoE-

64+’i577] —

YoE-

)

U T+ SN ()
16\/—\/ g 7_\/ g7

254+15 71'7

11 1
————+/N.—1¢3——+/3(N, — 1)g, (B6
573 Ve~ 1g' =35 V3~ 1)g. (BO)

VNG - /N,

2ﬁ4+15 71'7

LY P W, A TR

144
f"f\/ +3¢° — N, + 3g,
_ 2ﬂ4+z5 71'7
52;;\/ T 3¢% - N. + 3g. (BS)

For 3%, we have

8,71':_393 S,K:_lgS_ 3g
bp 237 pp 44/3 44/37
1
8 — _ 3
By 3
5 3
8,7 8,K 3
) — O’ ) _ + —g,
i M= 9vs? T ays?
8,1m _ 3
AA 9
3v3
V3 (B9)
gir =2 8 sk T s 3
EaRVE 2T 637 237
2
8n _ 3
ﬁgz 3\/59 ,
2 41 . 9
8,7 8, K 3
o = ——= B -z = + )
B== 737 B== IENCIWE
11
8,1 _ 3.
B2z 53’
The constants Bg% are the same as the ¢g* terms of
i, 11
B'B*

C Matrix Elements of v (B)

In this Appendix we give the matrix elements of v, (B).

TR N) = VeV + 2)g-+ 30
YAN) = 5(Ne ~ 1)(Ne +5)g”
7h (N) = 3(]?7]\;3)[1\7094%]2,
o) = e g - “
v5+(N) = (Ne = 1)g”
T(N) = i[g +h]?,
YAN) =0.
vA(4) =0,
TE(A) = (N~ (N +3)
V- (4) = 5(Ne = (N, +3)
O e R
YA (A) =0, (©2)
V() = S g+ 307
78 (4) = 2(Ne — 1)g°,
) = TNeg— (N =3
VH(A) =0
V5. (4) =0
V) = (Ve = DN + 37
() = gV + D+ 00
() = (N + 1
) = T Wea =31
() = S+ )5 ©3)
() = S loVeg + 30
()= 2w+ 9
YA(&) =0,
THE) = T Neg + (Ve = P

VL (E) = 24"
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1

VE(5) = N0 - 90
1E(5) = SN2

YK () = ]\gN_gl[Nchh]?,
75 (5) = ];[jx—;;’[wcg + 302,

— 1
75 () = 5 (Ne +3)g”,

V5 (Z) = (N. +1)g?,

1
n(=y — _ _ 2
V2. (2) = 24"

TR(A) = S (Ve — (N, +5)g%

E
= ()7

1
15 (4) = 7 (Ne +5)7,

5(N. +5)

N. g+ 3h)?,
162 [Ne g+ 3h]

v (4) =
T3 (4) =0,

YA(A) = Z[g + k).

VE(E") = = (No = (N, +3)g%,

12
s *\ i 2 2
15(27) = 5 (Ne +1)%7,
T * 5
Ve (X7) = W[NC(NC +1)g + 12h]%,
1
W (ZT) = 5 (Ne = 1)g?,
o 5(N.+5
YA (X)) = %[Ncg—k 3h)?,
1
72 (X) = 5(Ne +3)g7,
. 5(N.+3
’Yi:(*(E ) = %[Ncg + 3h]2,
’YX(Z‘*) =0,
YL(E*) = g7,
5(N,. — 3)2
n 2* — C 2

[Nc(Nc + 2)9 + 15h]2a

(C4)

(C5)

7:\' :* _ _N2 2
YZ(E7) g NVeg
5
7\'* :* _ N2 2
YE(E7) 36N3[ 29 4+ 9n)?,
i 1
74 (E7) = 5(Ne = 1)g?,
i 1
Vg(u ) E(NCJFS)ng
5(N. +3)
K (= c 2
5(N, + 1)

K =%\ _ c 2
Yo (E7) = SN2 [Ne g + 3h]7,
YL(E*) = g%,

VL(Z") = 2 [Neg — (N, — 6)h]2.
4NC2 C C

’Y.Q(‘Q) =0,

vE(£2) = (Ne + 1)g%,
5(Ne + 1)

K ()= I, 2
Y2+ (£2) INZ [N.g+ 3h)?,

n _ _ _ 2
v5(02) = vz [2N.g — (N. — 9)h]*.

c

For the fictitious intermediate states, we have

5
Vf@* (X) = E(Nc = 3)(Ne + 5)92»
2(N, — 3)
2> = W[Ncg —3h)?,
10
72 (2) = 5 (Ne = 3)g%
T (= 2 2
7_5(:) = §(Nc —3)(Ne +3)g7,
_ 5
V2. (5) = g (Ve = 3)(Ne +3)g7,
—_— (Nc 73)
V5 (2) = TNCQ[NCQ + 3h)?,
_ 15
15.(5) = S (Ne—3)¢?
iy 3 2
'VA”**(A) = g(Nc - 3)(Nc + 7)9 s
3(N, — 3)
K c 52
3
V5e: (4) = T (Ne = 3)g™.
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(C8)

(C9)

(C10)
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V() = (Ve = BN+ 5)g°,
V5 (5) = S(Ne = (N + )¢,
V() = S (N - 3)7,

V5. (X) = (‘]gg—];;’)[mg —15h)2,
VE.(Z%) = g(Np - 3)g°

VL(EY) = s (Ne ~ B)(Ne + 3)g%
VL5 = g (Ne = B)(N. + 3)g°,
VL (E7) = SN - B)(N. + 3%
1K (E) = S5 (N =)
V5-(Z%) = %[Mg + 15h)2,
1. (57) = (N - 3)g”

T5(2) = S(Ne = BN, + 1),
15 (2) = S (N~ (N + 1)g?,
1 (2) = S(Ne = 3)(Ne + 1),
7 (02) = %[Mg +5h)2,

V& (12) = 3(N. — 3)g%,

and the others are zero. Note that all the matrix elements
with fictitious intermediate state contain the factor (N, —

3) so that they vanish in the real world with N, = 3.
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